



1. (IV), stfppt (II), vtnree (II), fa%?r (n) q*r arm (ii) 

% % ’srw ^ra^nrtsr^rr af^ff *r aff^r^Tsa^nr 

— aRRTT ' 3 w4M f?Tf) ff^r ^HK ?TNMm q«T ^RtT f%5 ^t^ETT 

2. ^rrqpR frames «, a'-firar (4, 4*-an<ftft» t P w ar) -j>-3rra*tor 

«PT 3pjT S f^PT-anSlRR 

— STCTR 
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3, 2-gtfto sarfe <tt ai%f^rawr ^ % to <ptt fon: q* rok 

— towst f*r?, f^r f mx wt srerto 1 7 

4. softer H-*m % f^r $®ft ^r 

— Wt® «fto fflT| ?WT qffo jtcttc 39 
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(IV), (H), (II), f^r (II) 

op (II) % 

tffsrf ? 3 Tf^««R 

wcfT ^fsfT, trarorfag, f*TK sfisth f*r?ta fa# fam 
t^ter ipr *for ww ferw ferm, 

^fomrr ffa farafagrem , %nr 

[ strt— to 8, 1989] 

HKm 

3TTSTK % TflR^nf grf <R#T, #% 3fmt%%feR (IV), 3rm?r (II), States (II,) 
ft%5r (ii) qsr.gm (n) #Vq%forT ferR^r sftiftr fefeHtsta % srsr 3w#q#tere?gT #fp?r 
cTTfepfT fe^Pfe STTOfasp S«l *TH sfk ’nsreieT 5TT5T =fKppk STffa % Ttm 

it# enrorar % srsiriR sra ^ferapiR fen w| <tkii afferent % smrrc 
vx #f#T #r ^cfefka: fefR ^tf^feir arnfafa fafes #t *rf 1 1 

Abstract 

Synthesis and characterization of the complexes of oxovanadium (IV), iron (II), * 
cobalt (II), nickel (II) and copper (II) with cinchonidine. By Mamta Dudeja, Jaipal 
Singh, Naresh K. Sangwan and Kuldip Singh Dhindsa, Department of Chemistry 
and Biochemistry, Haryana Agricultural University, Hissar. 

Coordination complexes of biologically important transition metal ions, oxovana- 
dium (IV), iron (II), '* cobalt (II), nickel (II) and copper (II) with antimalarial drug 
cinchonidine have been prepared and characterized on the basis of elemental ana- 
lysis, molecular weights, conductance measurements, magnetic susceptibility andIR 
sepectra. The complexes ' have been assigned tetragonally distorted octahedral 
geometry. 

w$rfW ^ qrsfoft fr*T | \ srfa ^ *rraf sffr ^fr^ur 

5 ?r ##irr€t % ftnfrK # 1 % sn% 1 1 t^ff # Tfafer anf^ c# 



2 


ftsrr, f?r|, giiw srtt 


<r jjtor TfT 1 1 if# fR r r# % erm ^rfr «rr i ?r#5r*rir ^t 

if cft^T m HR f^T'T^t'TT >TR % <ft£ % pRiRT 4R fw TRT I 3Tf HRT 

Wfcr shirr fas ff i 3R str R#fRT-fRR , Tr sfarfaiff r sr>r |f faffa 
fa^Rfaffafa, HR>T>Rfa, jfTR^fr RRfe SPJ^ | I 

^crfKRjff % ZTf cTR SRT3T if 3TRT | 1% STR: JTFPfT sffafalff s?TT STTf % RR tffiiR 

afarfir # ?r% 3 Tcn Rft Rr ,| affa rr srfaf<?r sr*rRf 4 ?> ?rtr ^ t |[v> 9 i ^ 
tR rfafRi fRK 4 r aftcrfsr €r #f^ 3 ttsttt ir *rfR$of 973 snifaf if ^ fwnrr qef 
*RRfa ^RfR ^ tpr rrtr fafRfffa affafa % qfRsfa if *rf rjp , 

^ ?r®ff &tr if T^fT fir. sr?f?r sitem if f*fa Tfaffarr fRR^ aforfsr fa^qfarfafa 
% anfatifafaiR (iv), strr (ii), (ii), fa%?r (ii) iTcf w?m (ii) % rrm sw- 

■ famrRnr *ff*ff % fffaRr, 3rfa<?reror tfa ?rrtt srjrr m firwr fain f r 

5TC>TTc*R? 

RR t*7 fafsRT 

fa?Rfa^fa'faw spfa4R '^Rfa ?r faRRT'TRT i str *r*fr TTRirfasp rr ifa 
fcnw ffafR arfawp- ^ofr % % i , |R4far srffrr r 3rirr ifk rff fafa srt (rrr) 
fer-RTRRT^ff ¥rrr (ii) r ;##sfR % ^ if sfafa ^t%), srmfcrfr sritr ffJTRTJmf 
Wet STTT R 3RRcT ffSRT 270-50 SfcRSffT faffflfcR s»RT fair *R | RfaR 

fafaRT iffar-faiR 240C CHN SRRrRR ^ fftsR 2 r£R RTf?T AA 1 20 'RHTRfa 
*R9ft<PT ^stqfr^tR €t HfRcTT fa faRT »Rr I f irfaiR . ST^sncrR pRqT'ff % f%7RT 
irt [2] i RRf fffqff 4R RI5RTR ?T?irf2Rr?rRi>f?rTf3- if rtt ^fefajfifteT rr^t 

NDC 732 HfRRI % STTcr fen JRT | 

gspqff ^T fcf<-*R 

(4!) ^dlMl RtqRT (8a, 9R) fRRft%R-9-3TTH-3JR?rr%%feT»T (IV) 

1.76 ^JT (5 Pro 5PflRT) f?R4j)fff^T ^T 100 pro qffo ^>f?r if sffa RRWT ^ 
%^fe=r (1.44 rht, 6 ftro ifW) ^t if Rt^r sr#: r#: frr^fn: % 

HTR fiRTRT W cTR ^ 5 ^ TC iRRRTff 5RT 4R %®TT *RT I 

SRT 3R^T sr PfR?^r 4R% 3R-, CR RfCrptRT f^X ¥ ET>?TT 4RT sftR 3RTS . 

#fRRil 45ffcR¥ 7T g^RT ^RT I (sTTfirr= 60%) I 

(*sr) (8a, 9R) fH^r^T-9-3Tfqr-3TRR (II) 

2.06 RR (7 fifo RtR) 4?T irfsRT ^4>>|5r if Rfa ^TRT 4R I 1.94 

5R (5 fRo R^T) %R ?Rfe 4iT if Effw 5RT4R wif 3F5f 4?t 2 



fqqqjfgfqfg % gig gjq ■ 3 

fqqrf gf i ggmTq^ qfqr fqqqgf .qif gfq qt qiq qqTqq? if fgqTgrg 4 *pt gq> qimr^I 
qqqq 5RT q4 fen qqT I qqqfqq Sfg qqpq qq ffenqg qrfe qq, fefif^q qq qfqq 
fqq % sft qqT# qfeqq qqm^gqg rjqrgr gar i (snfg=60%) i 

(g) gT?qqfdqfqtqqqt (8o, 9R) fqqq?tfe-9giftq-qjy«n?H' (n) 

1.76 qtq (6 fqo qfq) fgqqffqfgfq qff ^qffq t #T qq ^qif qfqRq WKI^ 
(1.46 M, 6 fqo qTg) fT ^fe|qf qfq srq: qq: fqw* fgqrgq % qT*T fengT qqT I 
qgnrgRT. %§ qqqqTfl qqqq qro 4 qq? qq fen qqT i gm ffedr % qqqq ^ 
fq?qf?qq q?q% §?qfff q qqr q r^ qfqq |qq % qfqT qqT aftg qqT? qfeqq qqfn^q tc 
g^arm qqT i (snf^r=65%) i 

(q) qTqqqlftqtqtqqqt (8a, 9R) fqqqrt%q-9 -3ffq-fg%q (U) 

2-35 qrg (8 fir’o qiq) fgqqrrqfqfq gg 1.90 mg (8 fq° qfq) fq%q qqtn^q 
q^ gqggg fgfg (q) qq srggqar ferr qrn nfeq qqqqr^l qqqq qm fern q?t 12 q^% 
gq? qq fen qqT i (snfe=58%) i 

(?) qnqqftftqtqtqqqt (8a, 9R) fqqq?tfe-9-3iIg-qqqT (ii) 

1.45 q?q (6 fq° g|q) qgqq qqfn^g qg 100 fqoqfo ^ gfq gqrqr qqi srir fefe- 
qfsfq 1.76 qiq (6 fq° ^q) qg 50 fqo qfo q gfq #qK fen qqr i qq: qq: fqqftqq 
st^t qgqg qqin^g qg qfq fqqqfrqfgrq % qfq q fqgrqr qqT aft ? df 15 fqqg qqr qq- 
g^grqr qg q*i fen qqT i qfer ff dr % qqqq qff fe?t qrq% %qrt?q qq sT^qfqq fqr 
gm qtqr ggf sftt q-qr? qfeqq qqfn^g qq g^rrqr qqT i '(gTfar=70%) i 

qfeqFT cT*TT fq^dqi 

anqqq (II) qg sfengs (n) % tffq qq q fqqq qqr qrq qqf qjq qq q qferq 
1 1 gqt qfq qT^qfqq q^q'tqqrsq if yfen fqqq 1 1 qTffqqr fqqqqq % qra qirii 1 fe 
qjqf qg fqqfq l.i srrg : qqrgfqqTqf % qgfqg q fgi 1 1 qgqf # srjq =qTqqgq 
ggiqfgqgqqiq qg qqfqf 1 1 qqf qfq sr^f^qqfq 1 1 

T(Vs(cfftxy 3 tt^t°t 

O CN. 

q^qfgq qtq^^fqqq-fqgqgqfqfq qfq ^q+fq 3nq>jf 1 - 8 1 qf° qq° | qf- 
qfqr qrq if qqr qgfiqq ^qq^Tq qf qqftqfqqg qqfqr 1 1 nil qrqg d 2 sp 3 qqrqg qff qqfm 
| fqq% qiqgqqq qfq qf anTfirfq feg-Trqqq qcggrqqgq 1 1 





5t5fT, ftff, cTSTT StetfT 


hr 

t 

So 


<\Q' 


~ *& 


# 


o 

hr 

fc' 

o 

•fcr, 

£ k» 

^ 5 


(r 

F 

'ip* 

\£/ 



V 


fr 

(E 

& 

& 


E - 

14 


I> 

VO 


O 

t> 


r- 

o 


eg 


. co 
VO 


CS 00 
00 oo 

id 


© 

m 


to ^ 
eg 


i> 


&. 

B 

<5 

hr 

[F 


O 

GO 

o 

M 

a 

/ — \ 

* 

;P- 

o 

p 

*0 

o 

> 


e- 


> 

co 

c- 

o 

<M 

z 

ffi 

o 


m 

CN 

oo 

■ ON 

CO 

© 

eg 


in 

<n 

cd 



vo 

r> 


CO 

eg 


«n 

t- 


CO 

to 

vd 


o 

00 


& 

i 


o 

co 

/—\ 

o, 

a, 

/-\ 

*p 

o 

p 

G 

<U 

Ll, 




CO 

I> 

O 

55 

£ 

o 

. w 

a 

«&■ 

lH 

u 





OO 

eg 

co 

eg 

eg 

CO 

CO 

CO 

CO 



~ 

r~*4 

in 

© 

eg 

o 

eg 

o 

vo 

q 

vd 

T— ( 

vd 

vd 

vd 


On 

eg 


eg 

CO 


in 

CO 


CO 

CO 

vd 


hr 


U 

4 

o 

CJ 

B 

S' 

o 

fl 


o 

U 


& 


t 


o n 


z 

o 

O 

04 

V, 

a" 

» 

G 1 


u 

d 

01 

a 

y— ' \ 

43 

O 

P 

G 

> — ^ 

z 


o 

z 

04 

z 

04 

3, 

04 

B. 

iH 

U 


eg 


00 

m 


o 

<N 


OO 


r~. vo 

eg <n 

vd 'o 



ON 


N 


, — „ 


y— 

in 

oo 

r— 4 

On 

eg 

f-H 

t*- 

CO 

CO 

CO 

TJ- 

eg 

xt* 

CO 

CO 

«n 

in 

in 

in 

«n 

in 

in 

vd 

o 

o 

eg 

vo' 

eg 

d 

CO 

o' 


eg 

CO 

Tf 

Tf . 

in 

» © 

o 

vo 

in' 

1— < 

1-4 

— i 


— * 

• _<* 

TT 

rt- 

in 

in 

' in 

«n 

in 

in 


iu^ 

I 

hr 


O 

6 

04 

B 

? 

p 1 

G 

s p* 

o 


z 

04 

3, 

04 

fH 

u 


45 

45 

I 

<£ 


■S 

P 

G 

# 





5 




% st*t flgsr 




6 


|tpT, fpf , PfpPTP PPT PtpPT 


PRR-fpppftpftffP PfP ^PT gfppitp 3TTW°f 5.35 pf o trpo ^ pfT =pR spjfiirp 

?3p£tp ¥t pqrfrpfp pp ?rtpp> | i w ptor pt pfp # ^rfirfcr psp-ppspp arepip- 

^ 1 1 - 

STR: PftPTPP (II) prf PPRP PPPT PR pft | ^fspp pp;pp p^PT '3: pfppPTPt 
| Cl1 I PRPipstftP PPRP PPPT W. % P|>P fprp-ppspp fpRTP PPPT P"5p- 
SRSRr fero % ft PPPt I I pftPPP (II) % fprp ppprp spsp'fippftp fpRTP P fpr ft 
arjP'RT t?TPPTP fTPT PR P=sp PPPR PGP'PppftP fpypTP P ptp pgftpp fgf qPH fft | 
pftpl^-fpppftptstp PfP PT g*P#P PTPP 5.02 sftotnro I (ptp pgfrpp SPPPTP) 5ft 

PPPPPIFP PEpqwPptp fp?PTP % gppp | | 

P^fap fp%p-fppp?tptptp PgpT PP “gSppftP 3TTPP 3.28 pfo fpo | pt 1% pf 
ar^ftpp fPP|TP pft ppf?pfp pp P^P-PPsFP 3T<s3^BR^ftzr fpRTP P!> PPTPT | I fP pgp 
Jf faip-PPPR fpRTP gppPT PPRTP | ppfft pp% fpp p|>p 3P pfppTppftP- ftpj 
PTPStRr | I 

fPR-fPR pftfe % pTSTpr PIPIT % =prp sfrRT-fppsfftPtPtP PJP 1.89 pto TTpo 
grpsptp 3rT l^ (fpr pgftpp fp^srp) pp%t | Rfffpr ptp-?pt pptp psr ppp‘$t fppppp 
3TP?R pt TTPPT |W pfep PPgRT PPt Pf>P PRqTpEfrtp | | farpt Pt PfP *f PPt 3 : 
P?TRPJ cpT-pft Pft | I 5TP, fptpp P pptpj fppfftptptp ^t p^pppft ppjpp- | 

PPtPfpft . if PRCRPptP pt PPSTT pgRTfortp fpf?P WCfipefltp RTfpfp pf 
PcPPR | I • 

3TPTP5 PRPP 

• PRPT PPTP % PPPfPPftrt qtPT’Jsff PT fppftor fppptptstp pp PPPfPPftft Pfpf 
% 3TPW RpJT PT spTPfPPT gpPT?PP PSPPP pp% fpPT PPT I I PT5 % Pfpp ftp PT 

fpppfrpfptp p o— H ppp Pt 3TT?frp pf# pft sr^sn otx% spp Jf.pfp?PTfTP ft Rpt 1 1 
P?ft Pf^ft % arprp; f^ppp 3500 Po ^fto. qp 1630 p 5 © pt® -1 % pptp PP P9Tf^ | pt 
f^ PPT ^t O— H PPP P pp)p 3fTf% % ?rtPPT I [5], V (C— N) fP v(C—C) pft PR%pf Jf 
3RR PTP pp pp^r PPPP p^ptpftp fpp PTffTPP PP P|PP p pfipfpp ftPT | I P%RTt 
^ppftfp % fRftPpt gp pp pgygpptPtP fpp % prpIpp % PfP p pfipfpp ftp % ptrp 
P fpff P O— N PPPT PTffp P C— N (pg-fppffptp ftp) ppp 3TTf% fppp §TP If 
pfp^nrfpp ftpt I I pgpff ^ 400 Po pto _l % 600 Po pto- 1 % ptp if sft p% PP 
ftPOl - tft | % M— N, M— O PP M— Cl PPP PTfftlPt % gfFP | I 
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«, a'-fan (4, 4-grcffafr3 ft £m*i) 

’zr&tmsz ^nr 3 fe repR-g is r r 

totch fenn, qqqft farefc ra wq , arro«mt 

[ m^r — sr^r 8, 1989 ] 

*u<fvi 

"qferepr” to % trfrqfeq; fer?r-3m£q a , a'-fer ( 4 , 4 '- <sn(f q ft£)f J pm )-p- 

TOivft?r qrqvr qn Jr, 25 o -30° % <nq 3 ttom Jr, sfh: jrtfrit ^t 

fe^r artaror fen trt ctstt $rro smrmt *ffer arnran, torTcT mhot afft ^r% 
tos'st, rnq - msnsff % sttettt qr srHfenft fgcr-fa^qq smnqnqvff qr fenr fen *ftt 1 
*t<qur sm Jr tr^j 3 t=s®t fernrqr shreq? trdfa ^ctt | 5 ft T*q> wt qn sristt "^ra'- 
sr^rpr srf^q" T^Jr Jr nenr 1 1 

Abstract 

Solntion studies of bolaform electrolyte a, a'-bis (4, 4'-bipyridinium)-p-xylene 
dibromide in water. By Bhim Bali Prasad, Chemistry Department, Banaras Hindu 
University, Varanasi. 

Studies on density and viscosity measurement of a “bolaform” type of 
aromatic electrolyte, o, a'-bis (4, 4'-bipyridinium) dibromide salt have been under- 
taken in water. The apparent molal volumes, reduced viscosities results and their 
concenteration and temperature dependence behaviours have been examined in terms 
of hydrophobic and electrostrictional interactions over a small temperature range 
(25—5.0°). The system was considered to be a structure promoter leading to have 
a water-caged “free-draining model.” 

TO-arfsrefq % “affaiwr” fen fe reaffi Jr H ^ f ro r snrtfJm 

r s n(CH 2 ) !! nRs (R=^fen trq; x^qq ^VM) ^tfr) qn arwnr fern qnf Jr 

r t 
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FtFFFt TOT? 


fFFT FT fFT | | FFTfTFTF a, a'-fFF (?Tf *TfFFFF)fFFF) TTfFfFf*P?ftF FFFT F F§*F 
gq-firrf % FtF Ft fft sflT fFFTFFtFF FSTFt 'FT ^F% FTTT ft?T FTFt FTtfF"tFTfFFF 
ftpFTFf FT FFTF 'FT FSFFF FFTfFF |3TT |W I SF FfFFtFt FFTFf F't Ffe-FfFfFFTF! 

ftffrff wt^ff % fFFTFFfa fsfff ft ffft FfcF | i FFfF ftftftf ffftf! % 
fFFTFFtFF sff^tt fft ff-ftfft % FTTFFfFF FfFfFFTsff qr.fTF ftf stftf Ft fFFTF 

FTFFTfWFqFSST | ' m , trftFfeF FtFTFTF FFF! FT FcFTFffSTF FSFFF FFt FF FtfFF 

It 1 1 ' ■• - • ; • 

F^F FtF-FF FT Ff?F ^ FtFTFTF fFFF-FWFf FT fFFTFFtFF FSFFF FTFT | 
fFF% FIFT F^F FFT^fFF FTsTTFF %FT ^TtFfeF STcFTTFIFFT % F^FS ft I W FT? % 
STSFFF Jf, FTFTTF STTFFf F fFFTFFtFF F FJxF fFpFvT F«ff %■ 3TprfTrF fFTFpFpFF FTFt 
FT Ft SFTF tFT 3TTF9FF | : 

(i) 3TJ *T FTfTFF FFTF 3TTFTT! Ft FFtFFT 

(ii) FfF STTFFf FT Fi|GF STTFFt % F*F3FT sftT FTFfFF F^FTT F^ % 3FTT 
FTFfFF FTFTFTF 

% , * 

(iii) SPJ FT 3TT%FT FTfFF f^FFTF FT FF% FIFTT sftT FFFpTF snfnFF FTFFT 

(flexibility) % fFFfFF |T l 

FF: ?F FTF |f; TFT FtFTTFF fFFF-FFFTF a, a'-fFF ( 4 , 4'-FT?fafTFtfFFF) FFF, 
[BipyN -CH 2 C 6 H 4 CH 2 - N+B ipy , 2Br-] (fPstf FTF (Bipy) 2 XBr a ), F> fFFT FFT | 
fFFFT FF if 25±5° FTF FT FFcF FF 9FTFFT FfFFTF FT fFFTFFtFF 50 ft FT FTFF FT 
FFTF fFFT FFT | I FTF^F ft fc FtfFF (Bipy) a XBr 3 FF F?F^F FTfFFF (Redox). FFTF 

| f! ff ftfftf! fft ff snfF tS] fi% “fttfftf” ffft "fifTfIFf” fPtftt f f*fPff 

• I I STTFTFt FtFF FTFFF FtfSTF FfFT FTFFF sfk FFTFFT % fFp*FF FTF! FT FTF FfTFTFf 
Ft FT FT? % fF^TF-fFFTFF FcFTFFFf % FWw t! fFFpFF fFFT FFT | : 

(i) FFTF % FFTFFT sftT FI tr TTFF'T % FFF 3TT%F gTTT FFF-pTFFF FF F>FF FFFT 

ft%f fftf fYt 

(ii) FFfFTTFt FTFFTcFF Fife F«TFT [fFF-FFFFF % FFTTtsfr (FFTFfFF) 

FTF gTTT “3TT^FFF” PffIf FFrffl; FF fFTTFt FFTF I 

SWtFTcflF 

fFFTFF SftT TFTFF > ., 

FTF^FF Fk % F#F F F> FTT 3nFfFF fFSTTFfFF FF (fefw FTFFFT 1 x 10" a 
—5 X 10-® FtF) FT FFtF FFt fFFFFf % FFT^f !fFT FFT I 
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7>777% f774 77777 47 77 Jr f7777 75774 

a , a'-feff (4, 4^7rif7fe%f477)-pMT77T4 srwrm^, (Bipy) 2 XBr 2 , 4% %7t4t- 
4T14T17 7TS77 if a, a '-7T17>7t-p-7T77t4 47T 4, 4'-7Tlf7f44t4 (1:2 Id) % 7t% 

7744 % 74T7T 77T f7747 74%<7 J774f 74774 if 7(775774 4%T (3T^TK 576) f%7T 
«fT =f47 | |W . , 

74c7 47T 47T44T 4T74 ■ 

*nft f^mf 47 7447 tp fgTftr+r f744t7T4T (f744?r mi; o.oi ( 77(0 Jf 3prrff%4 

|) 4RT 4T4T 77T I ftmtiftST 4% T^T 7T4 W 7T% 74T % 4T7 afW^ftfScT fspTT 77T affc 
rw 5rfa r 7cq7T74T4T srertwr f%7T ttt i 

• 47t 47T44T % f%% p 3r%H574-%4pR44(t sw: 47 57T44T7T7t (f7R%- 

Ttel); %447 77 % 7T7 ifpff 477 25° 77 192.6 %o 7T, TfrP f^TT TTT I 

?r«ft 77^7 sfk stttt arpm p 7T4r3ff44 47rt (~25°) if f%% 7% 1 fifTR 
crrff 71 3TE774 |g xr^; 77tf74 qrff?fe (±1°) f+7T 77T I .f714%7f41 % 71(74 7f|- 
7%[ 777 ^o.l %° % 3T4PT4 54:777 | sfk 7<%4? WRIT 774T if 14% 3-4 75mf 47 

7(44 farr ttt i tttttt arpm 4 % jtwt4ctt ± 0 . 1 % % %f HR ’rrf i 

tfWITcraT fW^TT 

74?7 75T°ff gTRT 20, 25° sfk 30* 71 37777 7t44 71744 (<£v) srsftf^fer 47(717 
4% 4?J74T % 774 (%7T T7T [5 > 7] 

h m _ 1000(J-d.) (1) 

a 0 Ccio 

7fr M f7%7 47 3Ttj¥rTT, d srti d 0 4R7: tm p 74 47 ttr, ttt C tfst 
7t4/f4H | i <£v ttt! % 3tt 4>44 Jf ~i% %t arfcfTTTTT 1 1 Tpr 75774 if 3rirf%4T 7(44 
37474 (V 2 °) 4T4 4M% % (%% <j>\—C STT^ 47 C=0 44 ?74?4 47 % wf^FftrcT (+71 

tttt 1 1 

<f>V 47 71^7 % 7R ^nr, WRffTTFfr 77T7 47 p4T | 77f4T ffe, t^T-Pi^lMd «R- 
7t4T7 spt q-|^r7 fTcfl | 1^ I p (7(474 4T7 7(4 7777 77 <f>V 47 4T?4(44T 7T7 17 4T7f 
77I7f 47 %7 7f77T7 fTTT | I 

777 (Bipy) 2 XBr 2 % (77 774 . 77?7 3JT4lff (TTTTt 1 ) % f74%77 fv 47 7777 . 
% 7T7 ^T7 (~0(002 7t 7/7(74 % TTfC 7^44 (57%) ^ lf74 47;^ | I 17% 7f 7T4 ^7T 
| f4? 7f 77T7 774-(7777 77T7 4% TTTf if ^ 75744lt7 77-f71T7t 77T7 7^77 477T 
| | 75 77T7 TtT 5 - 7p4T 4T14H7 7^ % #7 77 ^74 1%4ST7-7T5 717^7 sraM % 
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<m*. T^T(d 0 ) : 0.998203 (20°); 0.997044 (25°); 0.995646 (30°) 



(4, 4TT ^ wrasT-^m % ^t greinr 

sureta wmar, ?I ^ T > [v]* 
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?T?T'Tir4 fasrer srq^pir ^t ^ Jr r^w-M stsiph 




14 tftliart 

man | mr fafastftmr mamtf t small mtn it farm 11 la tan | % if snar 
fsrni rnritmr % fart 31 araf t smri ^r man | i am ft m % — OH nfft it 
tatifei ‘fafasti %• n-iftiHit t mimr w araf % mfsamt fsftst % fart mm 
ft marr 1 1 srffm itna snsam item % arm namirfsi iffn [v 2 “=835 (20°); 
625 ( 25 °); sfta 430 fiafto/itna (30*)] srm artsnan ftner-smisst at art nr fm 1 1 sar 
araf % srfier mifTa tt snmr ism % mat sfhc friftis iftrer afsfser nn % “snsan” 
ftt it ifaiaim ar it m ariert 1 1 eriTifier "snsan'' amiT "nn fana” ir afamn 
sfta ernsmem t mi a, iff iTsfafafsftsi sniff % smatii to an 13*1 %mt % 
n amen min t ties ia fsia 1 1 am t ist % am fmsfnfarer srsemsfr f t f%afr 
31 it it it ftsr asnrfii | : 

(i) nut % mat sfta frsftns ifirer nn ft ff i afgst it fainsr, 

(ii) (Bipy) 2 XBr 2 % nariernts ifearfPuckered) SRfafasts snit % smtiffer 
faiar aimt t nn fana t mm nn rngnt it ia nrnr i 

(Bipy) a XBr 3 stfsi % infant ir srifm ftarar snsam 25° sa 561.8 fsnto/iT° 
sms (v 2 Br~= 3 1.6 fsnto/sr^snss [a] ) mm fin 

am 20 °, 25 ° nta 30 * sa its! if ssmen it sfams anant 2 1 fair sst| i arst asmsr 
mii, ffmar mftian [ 9 ], v SP IC=[rj\+k[^\ 2 C, iV/arra siifer fur air i sgm stfsi 
stirs srssssf t amm fmatar 31 (31 srfnitsstmis ft araf) marr | 1 3s mi % fit 
lar s arsrnts RrmsT v p $IC, smn % sat % am fsiT fiaft artiT % nnatna siat ft mart 
1 1 7 ? PA /oarRgarr(C) mi f sffins ft nfsfiseren t nt sfta fsfsm amt ia sn nrmen 
(intrinsic viscosity), [v] nsfa (^ fiP /C) c=o, mar lat % fart siTS-aaTS arstian it 
53am m E10J , C/’? SP =l/A+(B/A)VC. w amt f nfss naftar ftarr 1 1 faiati A, 
m amran [?i\ | it ttfti % irfan tnra ita irat m 13111 naranarr 1 1 am % ift 
% am [5?] % mt fn in (anant 2) mtg; am % am nat ft ttfn ima, itfmr 
itata man it smir 1 ifaifan, fr^ftii, ifnar iar fina it srfaiarr it arajn lat 
1 1 3T1 iar m nfar ft msr fiami | an: mt % rnfm d% % mat sfta afifsar 
11 affif fiaft it smarffari ar^mr ir fiatsr laaft | 1 .n araf (Bipy) 2 XBr 2 , mr 
“aiam-snrfi srfarm" (free-draining model) m man | it firnu srfiim 1 «ia 
nil mm iaarr f 1 am % 1st % am [n] m ^ri, nar fua t 1 rsrra 1 ^tmai sfta 
ftia % snar nar % an^f 111 ifaiati if mat m mt % man | 1 faiarqr B, m smwi 
sfta wnr % in faia 111 in |, Cjv SP arm C % tti imt it mi it man % mn 
fur im 1 1 larm m 20°, 25 ° 3fta 30 ° 1a 111: 7 - 39 , 34.5 sfta 1-66 1 1 am % 1st 
% am B m mm, 35% am 1a ftw milt it immirfen sfta fm am 1a mr fame 
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sftomir feeRr sfwir 3T5r t are^m 

Wt’TT?^ StTiTTf 4>T tf\rT 3TTirq 5«T ??T1% =Pt felT if, <Tft^T H%£TT ^T ?TRW | I *rsiR- 
5P*f % 'HT^wit TT SRT WRcTT 3rfsp^f % 3TTSTR TT sfttT^T tfcrw 355ff 4.02 %o 
str |3tt 5ft *rf arttfamr smf % sm % srpsr ft 1 1 

m* 
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*rtm°, 1973, 55, 1503. 

3. «T#, tto qsr° cm ft, qo £to, %fo 0 HfaTo ftsaro, 1981, 10, 49. 
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2-ftta swfts srfcrf^T 
eTOT folT fo?f ^ 3T|5W>T 

faSr?? jmr w srcfta m»r#* 

itfact, fa ’HIM 

faRfaSTRU, ff%K 
cT«TT 

MfawfaRM 

rrfjo gfro tr^o fr^rtesp 3n*B ^ RfRt, f^T* 

STTTSli 

spr^ it iRin% ^pj^pi mt 2-^0+ ^f mr » fa fad ®! ^ 

f^ir g-Rrcft sir tTof fm sirs sre^r W^|i a^snfrr vt 1 1 

Abstract 

Coincidence and fixed points of family of mappings on 2-metric spaces and 
application. By S. L. Singh, V. Kumar and A. Ganguly, Department of Mathematics 
Gurukul Kangri University, Hardwar and Department of Mathematics, S. G. S. 
Institute of Technology and Science, Indore. 

Some coincidence theorems for a family of mappings on an arbitrary set with 
values in a 2metric space and fixed point theorems have been presented. A few 
applications are also given. 

Throughont this paper X stands for an arbitary set consisting of atleast three 
points, N the set of natural numbers, (M, d) a metric (1-metric) space, (7, d) a 
2-metric space and H={<f> : [0, co)->[0, co)| <j> is u. s.c. (upper semi continous), non- 
decreasing and <f, >0). Further, if is S, P are mappings on Y then C (SB) will 

notate the set of all coincidence points of S and P, i. e. C (iS'P)={z| Sz—Pz). 
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ftr|, f fh: crm qpjqfr 

The following is one of the main results : 

Theorem 1 

Let X be an arbitrary set, Y a 2-metric space and Ai (ieN) : X~>Y. If there 
exist mappings S, T : X~+Y such that A{ (X)cS(X) n T(X), i s N, for all x, y e X, 
all a 6 Y, i,j e N, iy^j, 

d(AjX, Ajy, (max {d(Sx, Ty, a), d(Sx, AiX, a), 
d{Ty,Ajy,a),.\[d(Sx,Ajy,a) 

+d(Ty, AiX, a)]}) (1,1). 

for some <j> e H and 

S(X) n T(X) is a complete subspace of Y. (1.2) 

Then for each ieN : 

(i) A{ and S have a coincidence, 

(ii) Ai and T have a coincidence. 

Further, if X=Y and each A{ commutes with S (respectively T) on C(A{S) (resp. 
C(AiT), then 

(iii) Ai(i e N), S and T have a unique common fixed point. 

2-fffqr srafetrf qft srqsrrcwT qrr 8p%qqr ^ rrftoj to! Jr fw sn i c ^ 5] 

qhdai % 2-|rfar ■HhRd Jr sir^m % #TRft ^cf fq-gsff % qfJacq qq sreqqq 
fen | (^ift;or % foq r 28 - 3, i i 

w srw Jr fF wrrJr wysqq qq 2-erffq> g'rrfe % irpr qtiJr =rrJr qfqfqqvr spp; 
% sr^ft cWT trq? qfqpqsui % ht«t sFqlqfqqqt srfqfqqar qtpj % fj?r\ 

^ qtq q| f i rp? sn^a - firJrqdT qf | % qfqfqcpqf qfr atqfqfqJrqqT qrT 

srTW^qqraT %sra- <fqT?fr f^ff qq 1 1 spjqiftq | (tdr qifq 5-6) 1 

W MHd jf X tprsn vrp^rrr cfl^T 4l% qrnTTft qifsqq % qq Jr f^PTT qiilqT I 

^ qq snrFr sif (oqt wwTsff % % ^q Jf, (M, d) qq tpftqr ( l-sqfqt) % ^q 

*i> (Y, d) qq 2-e<|+ qqfc % W ^ H={</> : [0; oo)->[0, 00 )} <j> qqfq tflUrcTcRr 

st^rwft | qq <j> (t)<t, r>0} 1 qfe S ct«tt P qqfe: y qq srffrfcrgvr | ^ C(SP) qft 
S fr*rr P % ^nror dHidl % w Jr qqqp fqtqr qq^qT, qqfq c(SP)~ {z} 

{Sz=Pz} 1 
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5m *Ft ^f^fciT 5KR % fsrc f*r 2-^far *nrffc ir f© 'rfkrreR yf^rf^r 

5PT t| 1 1 

q;^ 2-kk sf> f^r 5HFK iforrfw ^ | 

m f Y *tf *nr*TRT *ppspr I i Yx Yx Y TT d ^ ? re rfi p E irnfk <R5PT f?FT- 

fqrfecT 5Tcff ^fr ^Tr^TT |3TT | 

(1) ^ fafaR' fajfsff a rf«TT b % f??| c W 5R5R | f%. 

d(a, b, c)^0; 

(2) cft?r f^|3ff x, y,z if % *rfc *pq % *WR ff ?ft 

d(x, y, z)= 0; 

(3) d(x, y, z)=d{x, z, y)=d(y, z, x)\ 

(4) d(x,y,z)t^d(x,yjz)+d(x,u,z)+d(u,y,z) 
cR (F, d) tr^r 2-^45 *PTfe | I 

Y if STp^T {y„} Effort 4>fT srfaj | Y % 5Rfo? fsR; a % f^ - 
lim d(y m , y n , a)= 0 

srpn-i {y n } y qr arfirerkr ark y w st^sfr- tffaT ^|T ^rrar | irft Y % 

o. % 

lim d(y„, y, a)= 0. 

2-?fk *nrfe f^ra^r srck> 4krt arfirokt ft 2-^ftr *nrfe 4?fr 

1 1 

fit 5FrfjT^T arT^nmaT fr*ft— 

a^f^t [12] 

*TFT $ <f> e H sftT t n > 0, n e N. *rfe /„ +1 <4> (t„), neN,tt {/„} 3^T W ^ 
3Tf«T?rfTcr fTcTT | I 

A %m [191 cFTT TO 1141 3T5?TFr 4F& fir : 



20 


TfoTTOT 1 


f%f, f *TR 5F4T 


# P 5fk 5, y it ^r-5r%%gor | , ^ p <d\x S m foft fog ys . y m. §*r 
anrfafopft ^fr ^crr | qfo mm a e Y % fo- . 

d(PSy, SPy, d)^d(Sy, Py, a) 


s 2 gfor *nrfo Y % srfop fog vx ^ fcforiY | ersr *rf *f T «mrr | % j> 
sftr s 2 -gTfar ?nrfe X tt snt fofrtnrt 1 1 • 35 %^ f f% ^ an^rew .?rf]f | f% 
H** ^ ffa sfafor°r per, gfoforfot ft < jp^rforit 

srfcr^ir gn$r *for ft g#«r anrftfouflr ftnr (^t [14, *x:o 2 ], <wx [17] y\x [20] 

tt) I rT«TT Vfcp-4\X S fo ft mm fog 2 <T* ^ ipqfcfopft | ^ ^ ^ z ^ 

snrfafofo I I HTT^ if, «rfc 5'z=Pz J*ntt; JrfofT a % for, . 


3 T«rf^ 

'Tforrir foH 4 « 1 1 


SPz,-a)^d(Sz, Pz, a)=0, 
Sz=Pz. 


sfoi 1 


*rnr gf X 1^7 JT^imT ^rgs^; Y ^ 2 -|^fo rmfo fo Aui eN) | 1 forfopiT 
S, t : x-*-Y sr^>rT S f% ■ 


, MX) clS(X) n T(X), i e N , 

W mm x,y e X cT«rr mm a e Y, i, j e Jv, foft ^ % fa* 

d(AiX, Ajy, a)^<j> (max {d(Sx, Ty, a), d(Sx , A { x, a), 

d(Ty, A jy, a), . . 


H % foot £ % fa* sftT 

S(X) u T(X), Y 


W(Sx, Ajy, a)+d(Ty, A { x, a)]}) 


*t y* Wrnrfe | m srcfo / e JV% for 

(i) Ai sfk S it tfqTcr I | 

(ii) Ai sk rif^ 


( 1 - 1 ) 

( 1 . 2 ) 
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HHfe srftftrHw 

- HHT, qf k X=Y afk.JT^f A it S (sRTCr: T) % HR C(AiS) (sRR: C(AiT ’)) 
<nc 3?HftftpTf*R ffaT | I ?R 

(iii) Ai(i 6 IV), S sfft T HfertH fRT f=F| f[ftT I 

X Sr * 0 # i Rift? ' . ■ ■ / ■ 

A 1 {X)cT(X),x 1 eX 

H4?R §T ?RR f ft? Tx^A^ I IHt SRJR, 4Hfft? 


tH SRTR | ft? Sx^A^ 1 STO if, X if at^R {x„} HHT Y if {j„} # RRT W 
sr^r K 4 ?t *ra% | ft? 


sfk 

hrh l 

% ftft-, (1.1) ?r 


^2JJ — Sx 2 JI — j 42«^2B-X 

^’in+i = '7’X2B+ 1 =^2n+l • < 2n 
dn=d(y„, y n+1 , a), d n ~* 0 

^2H+1 = ^2«> ^2lt+2 ^2B+X> ®) 


3Rfa 


(max {d in , d 2n , <( 2 »+.i> $d(y 2n , yi n+a>^ )})• 
d 2 n+i^ max {^ 2 „, 4„ +1 , ^ in+ j-a)}). 


(1.3) 


HR H j/ n+1 , y„ +2 ) I Hft w 2n ^0 cR (1.3) i* a=y 4 * %% <R w 2n <^(w,„) 

<W iH , 5TTR ftcTT | 3ft IR? ftflET | | fHftft . . 


Wfft? 


H' 2B =0. 

d(y 2 tt> J'gn+a* a ^d tn -Yd 2 n+l -j-d(y in , J^an-fx* I'an+a) 
!= <4(«+^2B+l> 


^2b+i^$ (max {d in > <f 2n+x , i(^2»+^2a+i)})* 


( 1 - 3 ) ^ 

STTR fRT | 1 

Hft d 2 n+i9^0 aftr d 2n +\>d. ln , cR 

(max {<4n+x» K^n+i+^an)}) 
(^B+ii^^an+x- 


(1.4) 



2-2 


f?Tf, fWlT <T«TT ^Ttpft 




m, 2«+i == 0> 


d »n+ i^S^b d 2 n +] ^ ^ ( d 2 n) • 


d 2n+i^ d 2H+ 1 ^2 H+i^ < f > ( d 2n+ 1) 1 

S*ft 5PSTT, sn&sf? « e JV % M, 

Vi 

rf n+1 <4 aftr 4+i<^ (4.) 


3T^ sriffim % 3 )m 1+' if f^Ts^TRJTfr w>*R' ?Ffir | i 

/ 

f^Bnn^ 2. 

srafsp 

meN, d(y„, y n+l , y m )=0. 


.3R, (1.4) sfk (1.4') % smft4> if 




(1.4') 


d(y n , y+m, JW)= 0 » neN. 

ZTf sp«Fr m=n, n+1 % | | zrfsr m>n+l, *TH # 

m=n+p,p> 1 I 

d (y«> yn+l* y>n)^i d (yn> ym+ 1 > J^wi— l ) ~r d ()'jn . ym-i> yn) 

~t~ d(y m , y m -i, y n +x)<d(y„, y„± i, y m —\) 

+ <K d (y m -i> y m - 2. y n )) + K d iy m - 1. y m -2> yn+i)) 

~ d (y» » yx+i, y n +p- 1 )+4> (d(y„+p~ v y n+ p_ 2 , >>„)) 

. ( d (y n-t-p—it y.nrp-i! yn+i))^d(y n , )'n-t-i> Jb+jJ-j) 

+<i>P-\ d (y n + 1 . y n , y n )+^p-\d{y n ^ y„, y„ +1 )) 

=d (yit> yn+i> )’n+p-i)-\-2<f>P- l (0), 

3T«rfcr 

d(yn> y'n~i, y m )^ d (yn> yn+i< yn+p- 1 ) 

< d (y», ynn> yn+p-tX- 
, < d (y», y#n, JWi)=0. 
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2-^forqqffcqT qfqfqgar qq? 

qf? m<n, qtq q n=m+t, t^i. qq, qqffo . , 

dn+i^dtii 

d (y*< >»+i. y m )= d (y m +t, y m +t + 1 . y m ) 

' ^ d (y m+t—i’ y m+t> y w)^ - * * 

^i d (ym> Jm+1> Jtn) 33 ®- 

qrcrc 3. 

d(yi,yj,y p )=0,i,j,peN. 

sTTOkTI qt faqt *ft ?Tfq % fsRT j<p % | I qRqf p=j+r, 1 I' qq 

d (yi, yj ■ yj+ r )<d(yi, yj, jj+m)+ rf (J*> Jj+r-i, J/+r) 

+^(jj+r-l* Jj> Jj+r)- 

qf^q q> qq fqqqqiqrq qqq 2 % ^ ^ qrt 1 1 wfq^ 

^(Jl> Jj» J/+r)^^(ji» Jj> J/+I— l)^^(ji’ J/> Jj+r-s)^ ■ ■ ■ 

<^(jt, Jj. Jj)=0- 

fq qqrc qqq fq® ^tqr 1 1 
fq^qicq q; qrqq 4 


0>#} ^ qfaft 1 1 

q^ fq^ qqfcq I fq> o^#} ^ qp>q I > *nq q f% ^qr qs) 1 1 qq 

e>0 ^qT I fq? q^ yqfq 2k % fqq 2n(k) sfK 2 m(k) 

2k^2n(k)<2m {k) q^ qr^r §q W SPSTT |ftfw)aey?W ' 

^Jaali). Jam(i» fl )> e - ^’ 5) 

3 I$V 2fc % *nq f 2m(fc), 2n(ft) % *finF ^ ^TT ^ | «it (1 .5) qft 

qqsq qnsiT 1 1 ^q q=PK , 

- ' tfOW*» Jam)*). a< e - t 1 - 0 ' 

q#P 2k % fq% 

e<.d(y ir uk)> J3m(i)> a ) 

J 2 w(*)- 2 > fl )+^(Js«(fo> Jam(*>» Jam(*)-a) 

+^(Jam<i)> J2m(i)-2> a )‘ 
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j 

^ftf% Tfeq* ^ (q^f cHTT srerfare C T^T ^r ^ft ^ STTcTT |) srfa 

^OWAb ^ 2 m(^i> *0 

+^(^2m(it)> >2m<*)-2> > ; 2m(A)-i)+^() ; aw(A)“i» ^aw^-a* a ) 

5 *f*re| 

€ <^(^ 2 «(A;)> 72 m(*)> a ) 

^d(yvnik ) J 72 m(^)- 2 > ^) + ^ 2 m(M“i + ^ 2 m(*)- 3 * 


( 1 . 6 ) sfk qrre 1 % reftr ^ re 


3 R 


lim* d(y 2 n { k), y%m(kh fl )= € - (!*7) 

d(y 2 n(kh yzmikb a )^d(y % n{k)> ymkl+i* a ) 

+^() ; 2n(A)+i* 3^2/n(A;>> ^) + ^(j 7 2wi(A:)> .V2H(&)+1» J^2;n(A;))« 


re frereRrer ^re 3 ST Jp* |) 

— 1^2T2(A:)5 A 2m (k)X2m(k)-i, a ) 

^^ 2 «U)+^ (max {^OVitf)? J 2 m(^)-l a )y d 2 h(k)>~ •' 1 

d2mik)-v \\.d(y 2 n{k)> y%mik)> d), 

+d(y 2m{ j c) ^ 1 , y 2 n(k)fi/d)]}). ,(1*8) 

refftr 

d[y 2 n{k)y yvn{k )~\ » J2w(A)- 2> ~h ^2«/(£)-2 

+ ^ 0 ; 2 «(*)> y*m{k)-i> yzmik))* 

d(y 2 m{Jr-i’ ymk)+D d)^d 2 n{k)+d(y 2m (k)-i> y2n[kb a ) 

+d(y, mi k) - l5 y 2 «a)+i> JVj(*)) 

sfk, f?rm^ q>re 3 *r ^ srcrfaresff *r % re ^pr (1.8) ^ ^ 

5TRT | % - 

d(y 2 n(k)> y%m(kh d)^d 2 n(k)+ < f> (max {d(y 2 n(k)> ymifa-v a ) 

« ■ ’ 

_ f' i 4m(i)-2' d&nk)> d im (k)-x, 

W^iy-mih, y-2m<k), a ) + ^2n(*)+^2OT(i)-2l})- 

& sf?t 3T?Rr ^*PTl % ?TT*T (1.6) 3rfa (1.7) 5pft*T *f!X% 'TT «<<£(e)<e, 

sT^r ftar | ^ft «>o farter 1 1 w wn: fas^nTTc*fa w?r 4 fas fan i 
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2-fffa tp: 'rfcrf^i ^ 

** 5*r ftanf (i) sfk (ii) sft TOifr 1 1 ffc s(Z)p r(Z) 2-ffar *nrfer w 

1 3 T 5 r: qfrsft ^3^ {?»} ftrf « tt srftrcrfar ffar |, sfk z z' 

*PTC I % ztS^u 3ftr z'eT-hi. 


W5W«=Szafk(l.l)^ 

d(A{Z, y 2n+2-,ci) —d(AiZ, A 2 n+2^2n+v ®) 

<<£(max {</(Sz, > OTn , a), d(Sz, ^ ; z, a), d(^»+i» JW fl ). 

_ ^ „ Rd(Sz, y m+i , a)+d(y t „+ lf A t z, a)]}). 

W, #pttr itr %?r qr, 

d(Ai, z, u, a)^.<j> (max {0, d(u, A{Z, a), 0, \d(u, A{Z,.a)}) 

=<f>(d(u, AiZ, a)). 
ffar | i ■ 

qf? u^Aiz 5R qqlr far d TTq? 2-|ffar | ; r%qnr^qrmpra%M 

d(u, Au za)^.0. 

3T5T: 

, d(A{Z, it, a)^4>{d(u, A{Z, a))<d(u, A{Z, a), 

sfr ^ faTtST I I w qrTTR Sz=*u=AiZ sfk Rf fartft tfV/eiV % fafaflR 1 1 
f *ft 5PFTT 

Tz'=u=Aiz', i e N. 


sriR qrr srfcnr str fare q*?r % fafa, jt§ ;*q®z | far C(A{S) sffa C(AiT) srfaR 

srfsrR | sftt iro 

• z e C(AiS), z’ e C(A { T) 

sfrr U % faR>ftf STTcT I far 

Sz=A{Z=u=Tz' =Ajz', 


srfa: 


AiU=AiSz=SA{Z=Su, 
Aju—AjTz' —TAjz'=Tu. 


RRRf 5r«TT (l.l) % 5PT^T% jR faPR Tf'CTR TT f 1 

d(A{Z, Aju, aX^> (max {d(Sz, Tu, a), d(Sz, A&, a), 
d(Tu, Aju, a), l[rf(&, Aju, a) 
+d(Tu, A^, a)]}). 
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ftr? , fWR 5r«rr ntp'Y 

3r*rfa 

d(u, AjU, a)=<j> ( du , AjU, a)), 

U—AjU I f%?fV ffr jeN % f^f^r I I w 5R?R 
Tu=AjU=Su=u, ieN. 

3R srfcr 1 % 'rfr^ f 7775 'TfrwT^r? t 1 1 

2. 


<?r s, T srk Ai(UN)X «r ^ srfMV5r«r | f5 R% wh 2-^tto *nrfeT if 
zrfe, X 5f Mt * 0 % f*r^ X Jr srgwnr {*„} thtt Y 5f {y n } ^ srtr ff fa 


.sfR 

7R 


Yzfi+i — Tx^n+i — A^n+iX^n 

y2n+2=Sx 2 n+2—A 2 n+zX 2n+1 , «= 0, 1,' 2, ..., 

o (Af, s, T, x 0 )={>»> 


^ Xo % (An S, T) ^SRkT: $4 ^ 5TT^TT amT %ap5T (4,-; S,T, x 0 ) wra?r: ^ 

^TT^IT nf? ^rtsfr srprtr {y n }, Y $ srf^fer $ i 


srcfo^TRipp ?nrfe 

fag ?r«n >rcrc 27 J qrf j 


Y * Y=X cT^rr P=Ai, ieN *RR ^r 
([1] 3fk [32] i 


qf^r^iaff % M 


sdm 2 


*TH W X I^r HWRT TT^q-, Y 2-^far Tmfe: 3rfc A { (i e N) : Z->7 | | qfe 
srfrrf%^iT s, T : X~>Y ?7T 5RFR I f% SR^F x,y e X SR^F a e Y, i, jeN, i^tj % 
fa* (1 . 1 ) T&gZ ffcft | sfk (2. 1 ) X t x 0 w shfr | f% 

S(7) n r ( I), (A,; S, T, x 0 ) ■ 

^sSRkT: 5»t I, cR SfiR 1 q?v ?r^ (i) sfk (ij) 7 R§e£ I sffa; 0(A;: S, T, jc 0 ) S.T. ark 
A u i e N % tf'TTcft RTF <R arfircrfkr gfaT | apsrfcT qfe 0 'A { ; S, T, x 0 ) « RF srfRRfcr 

gtFT I, 7R Z 3fk Z’X tr W 5PFR f j% 

Sz=AiZ=u=Tz'=Aiz’. 

sfft qfe z=y ?ran / g n % M, 

S^iz^iSr ark TAiz'^AiTz', 
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2-|#f> iq-fe TT srfofaaT 

cf«r (iii) Ai(i e N), S 3Tk T arfcffa fa§ §t*TT I 

s, y, Ai(i e N ) : Z->7 % fai fa*a TO TT fa^rt ^PC : 

d(A t x, Ajy, a)^.<f> (max {d(Sx, Ty, a), d(Sx, A;x, a), 
d{Ty, Ajy, a), d(Sx, Ayy, a), 
d(Ty, AiX, a)}), 
x, y e X, a e Y, i, j e N, i=£j. 

iptttt | fa (1.1) Jr (3.1) snpr ^tir 1 3T*rfcr^ (l.l) it fir srfa- 

f^r^wr Ai, S, T (3.1) *Ft it 3vit I I a*TT srifa 1-2 (1.1) VT (3.1) Jr fa**rtfta ^ 
qx g>® 3Tfa-frrK wf % arma Jr, 1% aifa aafe Jr it srrc: srwr fpft i fa^a- 

fafa?r tt faan: ar i af it aia Jr ^fg^ra f taNK Jr srFa fan «tt aafa iai 
f«FT «n I 5TT??ft rnf aPTf [18] it ST^ft^T I 


aitfa 


^ 5 T^»I 1 

JTPT Jf fa ( M , d) qa.fifa aafe |afr 

M={a, b, a', b'}d(a, a')=d(a, b')=d(b, a')=d(b', b)=l d(a, b')=d(a', b')=2 

jtft w P itr qm tk srfafaa w tot | fa 

P(a)=P(a')=b, P(b)=P(b')=a, 

Q{a)=Q(b')=a', Q(b)=Q(a')=b' 

P(M)={a, b }, Q(M)={a', b'}, 
w sr^TT ?rfa d(Px, Qy)= 1. 3WT 

max {d(x, y), d(x, Sx), d(y, Ty), d(y, Sx), d(x, 7»}=2. 

samaaatfa • _ . 

{P, Q}={Ai(i e N) : M-+M] 

sffa s=T-^ M *K awaa srfafaara I, % fa* (3.1) ^ ^ t : 

d(Px,Qy)<4> (ma x{d(x, y), d(x, Px), d(y, Qy ), 
d{x, Qy), d(y, Px)}), x,yeM. 

(3.10 <Kt)=ki,dc e ft, i)%fai^ftat|3fkP,fit5Pnaatf|i 


(3.10 
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sJW 3. 

TTPT X Sfitf gggrgr gfsgg, 7^2- fCfer HJTfe sfk A{(i e TV) : X~* Y |; ^fe 
sfgffegoT S', T \X~>Y w 5R>TT I ffe ?mW X, j e X g?TT a e Y,.i,j e N, ir£j % fm 
(3.1), (2.1) gfk (3.2) lim„ d(y„, y„ +1> a)= 0, ^ f 1 % IWf (i) aft* 

(ii) 5TRT f|% | srk 

004;; S, T, x 0 ) S, T ark Ai (i e N) 

% ^TRT fTT^T TT 3rf*rafrg ffaT | I t, gfe y n ~> 0 cT^ 7 if z , z W | ft> 

A i z=Sz=u=Aiz'—Tz ', ieN. 

cT«TT, gfc I=F% sr?*fa> i g N % feft SAjZ=AiSz ark TAiZ' = AiTz' ^ (iii) AjQeN), 
S afk T srfegta g#f?75 fkn: fg*f fkr i 

wife 

gqqfe 3TR^W gfkrggf % 3W 1 # OT’Tfef # | I 

srJrar 4. 

*TFT # X *Ptf TT?TiTTRT ?rq^nr, Y ^ 2-%f^ ?nrfe 3T*k Ai(i 6 N) : X~>Y | I 
gfc srFa^f^T S, T : X-+Y W SRTTC I % ?RW x,yeX a e Y, i, q e N, i^j % 
ftp* *rg (3.1) . afk (2.1) 3fk (3.2') 0 (Ai; S, T, x 0 ) ^IT t ft? » % SH^ ^ * 
fkrfg Jr ■ 

. Sup {d(y p , y q , a)\p>n, q^n, a e 7 

3rk p, q rrurr Tfk) % ^ |} 

=Sup {d(y p , y q , a)] p^n, q>n, a e Y}< c o; 

gg sm l % fepstnf (i) sfk (ii) fggsrft | sfk o (A^; s, T, * 0 ) sTfirfaroff s, T % 
A,-, ieN % gTicT gw 7? srfercrkg fkT 1 1 grcgg Jf, gfe y n -+u gg X Jr r ark z'/w 
spgrr | ffe - 

AiZ=Sz—u~Aiz'=Tz', i e N 
afk gfe X=Y sfk sr^r / e N fe fer^ 


SAiZ—AjSz n$ TAiZ’=AiTz', 

vt %i, gg, (iii) A{(i e N),s sfk T eft srfegkr ggfecs fe«R fg?| fkT i 
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sr^r l crar - 3's^ wrffr*ff % sTmto *r, *rf ftrs tt^tt T^rfor ^*tt % {y n } <r 
arp^T I I 3Tf firs' SR?T % f*R, JTFr # 

8„=Sup {d(y p , y q , a)] p^n, q^n, aeY }. 

?w'sr^nsJV% S„ 'rftfacr I \ . =f% ft# tft n 6 N % f^r S n >8„+1 wfet 
srp^T {8„} fotft S>0 R arftmftcT ffcfT | I *TR # fo 8>0 RR | I p=2m 3fk 
? =2/+l ^ 'R ^fl+1 ^ g>n+l, W 

d(y p , y qi d) =d( A 2 t+\X 2 t> A 2m x 2m ~-^td) 

■ <<£ max {d(y 2t ,y. 2m - 1 'a), d(y 2t ,y it+l a), 

dfytm-l'yim'd), d(y 2t ry 2m .a), d(y 2m ^,y 2l+l a)}) 

(max {8 n / 8„> Sn> ?n> V}), 

smfg; 

8 n+i^ 1 ^ (&n)- 

^rfsrJr, 4> % sift ^rTfTTRf^rm t, storer *th . 

8<<£ (8) <8. 

oft TTsp f^ncTST I I 3RT: 8=0, sfft {y n } ^ ^fl aTpr’T t 1 

St%*T 1-4. 

wf?r tft, ffta cr*rr 2-Rto snrfefr tniaT sfft fi^rc fo? sipft r f^rrc, 
ark «qrfWfhw 1 1 "aw & fw wifw ^ | cr^rr fw 
^CrT I I 

1 

^ f Y w 2-^fer P > Q’ S > 

P(Y ) U 6(y)c5(7) n T(Y). 
str k 6 (0, l) w srerc | 

d(Px, Qy, a)<fc max {4Sx, 7>, a), <*(&*> Px, a). 

d(Ty, Qy, a), |[ d(Sx , Qy, a)+d(Ty, Px, a)]} (C.l) 
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, f jtr ?r«n irpjm 

jc, y, a e Y % I Jffe 

5(7) 0 7(7), 7 
^ft cftif gq^irfe |, afk 

PS=SP, QT—TQ 

$ 

rR p, q, s afk 7 srfgcftir ssrcftra ft«re fafg ffrr i 


(C.2) 

(C.3) 


*rnr f {Ai\ i e N}={P, 0} 3t)t <f> ( t)=kt I cR sr%3T 1 % (i) sffT (ii) % 

STRto if 5(7) n 7(7) if u afft 7 if z, z' | fc 


(c.3) tr, 
afk 

(C.i) ir, 


Pz=Sz=u=Qz '=Tz '. 
Su—SPz—PSz—Pu 
Tu=TQz'=QTz' =Qu 

d(u, Qu, a)=d(Pz, Qu, a) 
< kd{u , Qu, a), 


Qu=u. ^ff 5PPTT Pu=u. P, Q, S, sfk 7 % f?«R % W if u ^ 

3T%5ftiraT *R5RTT fT 5TTR 5TT | I 


^TSt%ir 2 : *TR W 7 trap- ?nrfe aft?; p\ Q t s, 7 srfafaSTJT 7 TT SPUR 
Y % x, y, a sffx feft W k e (0, 1) % M, 

d(Px, Qy, a)^k max {d(Sx, Ty, a), d(Sx, Px, a). 


7 if t 

I, aft* 


d(Ty> Qy, a), d(Sx, Qy, a), d{Ty, Px, a)}, 
5(7) n 7(7), (P, 0, S, T, x) 

P5=5P, 07=70. 


(C.4) 

(C.5) 

( 0 . 6 ) 


^ 5Rff (3.2) 3 fk (3.2') if *T *ft {Ai)**{P, 0} % ST*r tffsj ^ p, Q } s, 7 
SrfeftT' fts** fg-f| ^PJTT I 
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Sq'rfrT 


2 -ffrtr TT srfgfosr’T 


srsprC'TfbiTTf^ra' 

{Ai\ i e N}={P, Q}^<l> (t)=kt. 
5T5T St5w 3-4 % 3TT*fta> t fsr?| u, z, z' ^ I ^ 


Pz—Sz=u=Qz'=Tz'. 


^qqftr 4 ?T S'TSPR 1 ^'T'T% *PT 3 T^T^ ^TT frm *RRT | I 

* 

feqwft 1 

l Jr qf Fre | fa fFTf^nraT * snr (c-3) tit vr* ffcr ** 

Jf ffp^T 5R>K f?P3T ^TT ■y+dT t ' 


% f%r5r, 5ftT 


pSy—SPy tf’FFcr y e C(PS ) 

QTy=TQy y e C(QT) 


(C.30 


$ M arofa 7 % *prer fipfaff * «ot*nsbt nff I (^? (C.3)) 

? ir %q*r sfM%f^fr (S, P) (T, Q ) %, i* ^ ^ 

ang^q-Ep^T | I ^qsrirq 2 PT qt qoRTq 5# 5PPTC | 1 4TFTq ^ (C.6) (C.3') ^ ^ ^FTTfaq 

q?t 3 IT Hspcft | I 

2 . STOifcT 1 : Y^\^n^n S,T,d^t STCRT ^ [ 11 ] * P I 1 

?rt (c.l), arfsR? I? spqfqftwT crar fafaR j^Trifa ^ ^ ^ ^ 

foq g«n TTW [28] 4>T **&**.*$ I 


3 . ( 3 . 2 ) 3 t«RT ( 3 . 2 ') % aT^TR Jf 3 Hq?qqr fa ^f, 4 ^T fa 

^P qirffa $ »ft SW ffaT arTcpjzpp qf f | qipT 2 % qR *FT ^T^>t 3r«RT cRT 

qrqq p8] I 

■o _ 

, 4- x=Y,{Ai\ieN}={P,Q}, S55TT «HifaPtiJWT mi afafafaR^rffa 

qRpTT $Rfa 5H*q 4 faR faff ^Pff % ar^^fa^ 8 ’* 33 ™ 3,<H ' 1+W 1 

5 , fa^w qq gqq qftmw p=<2, r arfa s, r, rf sw % M 1 1 1 ^ 

gfft qTWI L25] qfr fW fafg S^T ^TST^T 1 % P=Q TOTTR fTcTT | l 
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f%f , f *TK qPpff 


6. spr ggg qfqnrTg qifq 1 qfrqr gqg qft f^%cr f?qfg 1 1 gregg if, 

ftrs fw I fqr Ai\ i e N}, S,T :M yq agfqr m fe)-*M qf 

AiS=SAi, A{T= TAi A t c S(M) h T(M), ieN 
ark 

d(AjX, Ajy)^kd(Sx, Ty)x, y, e M i, j, e N, i^j, k e (0, 1) 
qft qgjEq ^ ,| $ ark T % ggg fk qq qqjqra' gggfqss fknt fg?§ fkrr i 

7. fgfsffi 25 , 30 - 33 ] if gqqfqg *Psq ^r'TT^ft gqg, qqg 1-4 qft fq%q 'ftqfggf % gq 
if gpg qft wt gqgff 1 1 gir gfW 823 qfr -girg 1 srtT 2 grqq-: srirgf 4 sfk 2 q {Ai\ t e N} 
={£,■ Q} ®fk S—T irqq 5nqf pqt I I 2-?ff=p qqfk if *nq sgir qqqTq qq=5qg qq qfg- 
fqgq fq^r % feit qqq gqTcft qifg (qipT 1, [30]) gifg 1 ir {A{\ i e N}={P}, S—T sfk 
4> (t)=kt, k e (0, 1) % fat srFer q?t stt gqqft | i 

8 . qim 4 : % (qqTcff Wr qq) gqqir {Ai\ ie N}={P} %qn: faf g«rr 3 ^ 3 ^ 
qfr f© q?qg faqfg qpg | i 

9. qqstim 1 if p=Q ark s=T=Y qq crcgqqr qfgfknrr kri, grqra- %qq 
%5F?r qft (2-qffq? ggfe qq) gfiqfgg fqrgr qnT | i ?r?qq if, p : F->7 qff gjqg q>ft 
|, qft, qqpcT x, y, aeY^Kke( 0, 1) % fat 

d(Px, Py, a)^.kd{x, y, a) 

kr p=q ark s, T q?qqp gfafaspq grqq?q (c.l) if faqT w | i krr f% g;fqftg | fqr 
qft P nqr 2-^qfq. gqffa qq | gf P q?T qfefrg f?qq ,fg?| frqr i 

10. qifq 1 (iii) qq, X=Y, S sr^^T T ggg affq A { (i e N) S sffT T % gjg 
^ gqfe qq sFrfqfqgqf ^rqq stfct qfqqm qq ^?q gq irar ^qTfq [20] sto fqqT 
qqT 1 1 

1 1 . x=Y, S ark T qqq sfk 

SPx—PSx, QTx=TQx 

Y % g&qr X % fqr% %qjr pqgqft qT 5 %q?qfft l3 J ^ ( C>4 ) 5 ^ ^ ^ ^ ^ fiqT 

fq?| qinr strt qff | i 

qq fq fw srgsnrfq 1 1 


1 



2-ffta TT 5T%f^or 
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5 . 

TTT^ % Y tnp 2 -^fTEp ?mfe 3fh P t Q : Yx Y->Y | I *ffe KfaffiPT S, T:YX Y->Y 

K^Tt § ft> sreSrar >■ e y % f^Rf 

P(Yx{y)uQ(Yx{y})^S(Yx{y})nnYx{y}) (5.1) 

y % ?PT?cT JC, j, x', / a ark H 3 fttfr f % f^T 

<*(*(*,>). fit*,/).*) 

(max (rf(S(x, y), T(x', /), a), 
d(S(x, J), P(x, y), a), d(T(x', y'), Q(x\ /), a), 

^[rf(5(x, ^), Q(x', y) a)+d(T(x', y'), P(x, y), a)]}) (5.2) 

y 6 y % 

s(y x W) nr(yx {y}\ (5-3) 

y eft i j®t |, sfk x,ye C(PS ) % 

P(S(x, y), Y=S(P(x, y), Y) (5-4) 

sfk HJHFcr x,ye C(Q, T) % 

Q(T(x,y), Y—T(Q(x, y),Y); 

?r? ste f^T| b ^ tpftc | % tfirar y e Y % Eft, 

P(b, y)=Q(b, y)=S(b, y)=T(b, y)=b. 

<jqqfx T 

r If y aftr y % (5-2) %*nRrw (l.l) sfft 

{Ai\ i e N}={P, Q}, y=y 

1 1 «rfofts», y if y % fa* (5.4) % 3T5?TR- (P, 5) *rk (g, T) W *nrat 

fsr?5 qr 5rfdRtf B i *£n?r 1 1 l (iii) ^ 3 n*fa> if, ^ % sRifo y ^ 

fffq 7 if tnp sfk %ar5f trq? x (y) ^ht fftTT for 

P(x(y), y)=Q(x(y), y)=S(x(y), y)=T(x(y), y)=*x(y). 
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f*TR ?r*TT TTFJSft 


F % y, y' % f^, (5.2) ?T 

d(x(y), x(y'), a)=d(P(x(y), y), Q(x(y'), y 1 ), a) 

<<£ (d(x(y), x{y'), a)) 

ittr 4R<r 1 1 'fi«TW? c r ) «pfff% a RnrRr | , x(y)=x(y') i srer: *(.), F ir srt b 1 1 

W rtr rr # ^rrfvr yjf ftdr | i 

^ sr^p % TfTRr 'rfRiurf r Iwr, §stk rtf striq^'t^'ir rrt 1 1 

^STfRT % [5T° 2, 29] R f® fRT |3TT RR 5 if 

P=Q , S=T sfk f%| <£ (t)=kt, k e (0, 1) 

%4R SIR- f RTT | I 

Ptr- sr^nr sn#*V 10] srk fef ^ 21] % 'Tariff r feRR Rcff | i 

Rfa 6. 

JTR ^ F 2-ffl^ Rffe sftT, P, Q, S, T Y R W RPR f W 

(5.1) (5.3), (5.4) % aftt 

d(P(x, y), Q(x’, y'), a)^k max{d(S(x, y), P(x, y), a), 

d(T(x',y'),Q(x',y'), y',a)} (6.1) 

F % RRcT sraw x , y, x', / , a aftr k e (0, 1) % I Y % 5fa> ^ fRf b RT 
RPR fPTT f=P 

P(b, b)—Q(b, b)=S(b, b)=T(b, b)=b 

^rrf?r % fRf sm 5 r aRffar 4Rff sffr 1 m srjft»r rrT r, 

iff 3TT RP5TT | % Y % R^P y % F if at?- trsp *(•>,) ^ RPR fRT f*P 

Ptfiy), y)=Q{x{y), y)=S(x(y), y) 

~T{x(y), y)=x(y). (6.2) 

fRTt y, /, a e F % ftw, (6.1) ark (6.2) 

d {x{y), tfy'\ a)=d(P(x(y),y), Q(x(y'), /), a) 

<kd(y, y', a). 
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2-fffa ggfe gg srfgfgg'n' gf f 

w *(.) yjf y rpr gjw | sfk gigrer gfgg fmgigr % (w famft 9), 
Y if arfggfg fsrrg 6 pr wrg |far % *(&)=& i fgfag (6.2) if, 

P(6, A)“SCi, $)=£(*, b)=T(b, b)=b. 

ftcqof) 12 

w gw % gw gfgurrg, g|r gg fa l-effa ggfe if grg gfa srfgfaguff gr fag 
gf gg f (ft^goft 6 sffg 10 gf g#')- gr?gg if, gifg 1-6 % grgrng l-fffa ggfe if mg 
wr gfa gfgfaggf |g gifa gmicft girgf ggT 1-cgfa ggfe gg sfrgfgfgggf, sr^gfgfg- 
ggf g |gg ggfgfaggr srfgfaggf gg gig ffag fgp gggf gff rgtgrfag, ifafag gg 
sgTggfffrg wgf | (ggrpgrg [7], [9]-[l2], [l8]-[20], [23], [24], [27] ggifarag 
|f fto snfe [l 7] gf w) i ’ ■ . 

ffmnarf % pg % fg; gflag; srgg gg fa-wf ■ 

?rg iff if fap? ffggrsrf (Chih-Ru Hsiao [8]) if'2-?ffa ggfe if mg gfa gj- 
fgg gggg % gfgfagoff |f farg fgp girg'f gf mrgfa if gm fgifg gggg gg ggrgfa grg 
gg m%<g fam | i gg% §rm fag srfafwgf gg fagrc fam mrr | ([8] if sot 1-2 g 
fegiff 3 ^f), g x=Y, {A\i<iN}={P} gT {P,Q) fg s=T=(Y r rt wot srfafwg) mgg 
gg srfgfwg srg (3.1) g arfe-g sgrgg gff 1 1 mpr gg grgr ft 2-|gfa mrfe Y if 
ffggfg gggg gg gfafwg p fggg# % gggimrgg % spppg fanlx^Px^, «=i, 2, ...} 
% fag fgR gg gff rrmp grggr | : 

(H) wg i, j, q e N ggr ggm * 0 e Y % faifa(x £ , Xj , * ? )= o. gfg, mreg x a ey 
% fair g gfgfggiff p, q % fafa qgggOTf gg mj ggr 

fan 1^2/I-M === -^ >- ^29> ^ “ fi, 1, 2, — } 

H gfr mfR a;rg gg g| grfr mgr | P 3ftg Q ggfgsg fggg (H) ggfr | (w [8]) i 
^g% gggR, gfg ( y , d)={R 2 , A) mif A(x, y, z) mr fgw m sfggm | sfr b? %■ fgpaff 
x,y, z ? ft fwT?r if gggT |, gg ffggfg gfgfwg P % jggigggr fegg ggg mi 
gg |fg i g gf srggg gr^- 1 fa ?g gftgggi ^ srlgfagor f=s® |t grgr |, sfa: wot 
2-fgfa ggfe % goff wr gg* ggg fagr gprr gTfa w ggf gf gfggggT iwg 
g% i Im gfgm ggfgfg g# | ggffa 2-ggfa ggfe gg gfgwggr %gg fggg faf girg'f 
% ^ g|f gff gf «ff i 

prg fggg fmf g%gf if grg gfgfaggf % fifa gfbrrfgg (g%g 1-4 w) jggrgg^f 
gg srfggr fggg# % jggigg^f % srpm ir fmg irgm^gm ggggrggggrS' smgr 
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f%f , fmT gr«rr ni^fT 

T mmw; 5rr%r^«r aft f i ^rff% sritr 3 aft sqwftr % Tm ffr?w^ a>*PT 3 jorspf (H) 

It ^Hcr 1 1 arftpp jt§cw>t sttct ^ | f% 35 spt (H) aft s fF§ 5 ^ aRcrr fprr srfafWaT 
|5T5T p, Q : 7->7 arRRPP fa> ffsmaff % ^ ^ ?> I ?*T *T*tfe sfk 

ff^RTsff 5 TTT ST^tT y<u?!< ,T T if ?f'na> arfrrf^ir %aR %% PTO aRt f I 

2 . . 

ma <a 7=[|, l] 2 3fk d(x, y, z) ^ fewar art | aft fgr^sff X ; y, z « 7 ait 

ftr^ % ^TcfT I I 5T%f^r P, Q : 7-*7 TOR | f% 

P((a, 6))=(a 1 ' 2 , 6 1 ' 2 ) 

f (a 2 , 2 > 2 ) afe a 2 >£, 

I 

3ft7 6 ((a, Z>))=-{| (a 2 , b) a^i, b*<\, 

(.(a, b) 3T?WT 

fftpTTVf i) 3Tf ?5TkT | ft P 3 Tf®® 5r{%f%W'JT | I HTT ?f 
x 0 =(«, *)> i< a > b < 1 - ** 

x 1 =Px 0 =(a 1 ' 2 , i 1 ' 2 ) 

Xa=G*i=(«» b)=x 0 - STTfe 

W ST^PR *t?t {x„}={x 1( X 0 , ** X 0 , ...} FTsa^m i 5 , Q Htf^s T’Tsnr (/P) ^ «*fSE ^ 

| i srfafecfor Q % faff Pm# srpgarf % arganr {z„} sr far^TR aR eft, 

z «=((3 1,4 /2 1,2 ) ) (2/3) 1 ' 4 ^ 
z I =G^o=((3 1,a /2), (2/3) 1 ' 2 ), 

z 8 =Gz-i=(3/4, 2/3), . ^ 

z 3 =Gz 2 =(9/16, 2/3), 

* 

arh: </( Zl , z 2 , z 3 )^ 0 . ara-: Q 50 T spf* (if) ait ?rff aRcfr I w SPR STfcTf^iT g m 

fffPTTaff % aref it 3T^5® 1 1 

a? ^na' aRHT aR# ir it aiif ftar fa? s%af 2-4 Sr s?ir arara srRfwprar f^f x 0 % 
ftt arg^a {>>»} % arferR ti anamraKrT |, ^raft arganr {x n } tt fttfr fa?| x 0 

(amter % sr^r-p x 0 ) % M srr^ fr ai% f^rf arjaaarf % ( H ) ' 

aft aR?TT afar i 



g-rrfc tt 5r%^or ^ 
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% fexT qifaqq jqnft srs 

«fto <fto rfqr qrfo qqo 5RTT5 

#5)3x5 *ifart fawn, stfa jnnraiN# 

nnun f^?f ^fanfnsi nrcm#t 

[ 5rT c ?T 3T#?r 19, 1988 ] 

hrto 

fT5T ff # 5TnK STO 5mfcRT ngn^fa /‘WT % fan #«ft g^T ?«TT'TPTT U faf | I 
fa/faRTT n|T3W cT^TT nfa^T # ft if rit 'TffaTTO' 5TRT ftfa | % ^WT 'Tfwnf 4# 

ftfw ^TT3ff % W if I I 


Certain series formulae for the multivariable /-function. By-W P. Singh and 
Y.N. Prasad, Department of Applied Mathematics, Institute of Technology, .Banaras 
Hindu University, Varanasi. 

In the present paper, we have established series formulae for the multivariable 
/-function, which has been introduced recently by Prasad [1]. A number of results 
can be obtained by specializing the parameters involved in the multivariable /-func- 
tion. The results recently obained by Chaurasia [3] and Manaj an and Saxena [4] 
are special cases of our result.- . , 


s)wn ci] xt«tt srcrre tfa nren [2] skt spritfa w spam fom nrn nfnrfa f-Twr 

fant 4TdW I 


1[* 1, 



: n r : ( m',n '); .. 
■Pr^r', [p'a'Y, 


(m lr) ,n lr) ) r 

•; [P lr) ,q {r) i Xl ’ 


X r 



( a t jl 


t n / % u fft 

“*/’ *y ^ l,p 2 : ( a *P a 3j> a Zj> a 3j ) 1,^3 




Up T ■ 
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fof 3«TT 5RTT5 


./ U /// 


( b rp Prj’Prj) '• ( b » if’ Pj’Psj>Psj ) ’■ ■■■ '■ ( b rf, Prj> •••> Prj ) j ^ 

( a j ,a j^ \,p' 1 “i ^ 1, /)<>■) 

' (?) (?’) 

• ) l,q' ; ’Pj ) l,g<'> j 


Iff Jl S r 

(2^w^)L 1 -”jL r )--<f>r(Sr) ‘P( S 1 > ■■■, s r ) Xj. x, ds 1 ...ds r (1.1) 


3f|f w=V — 1 


7JI* 1 * 


, (i) <i) 


„(/) 


(i) (i) 


0 s /) 1 


n r(bj -p. Sf ) n r(i-«. +«. *,) 

./=! .7=1 J J • 


9 <;> 


. (!> </) 


■)<(> 


</> <n 


77 P(1^6. +/J. st) 77 P(a, -a, *,) 

j= m M + 1 J J _/=«(/)+! J J 


V?«{1 r), 

n t 2 « 3 3 

12 -^(1 a i j~\~ 21 a 2 : S[) 77 /’(l — a s 21 a J, - ).. 

* fcu ^ 7=1 ^ 

^ 2 (/) A 3 a) 

77 VifLzj -27 a 2/ ^t) 21 — <27 a 

7=w 2 +l 7=1 7=w 3 +l i—1 3 7 


it) 


( 1 . 2 ) 


(/> 


77 P(1 — + 2? a r ‘Sj) 
J = 1 7-1 


TV 


r (/) 72 


a*) k 7r 


7=f + l r( ^'~ f i^i *> ; f i r ( 1 -^-+ .f J% ^•)-^ i A!-^+ .^PrjSi) (1.3) 
^f3^f^T(0t?rf^?f^TT^r^Trrr|ir«rra< 1 >=<2' ) a< 2 )==fl'' ranfe (a - a ') tot 

K J J J l.p ' 

f / / 

( a 2 j ; a 2 j) “ 2 / ) i ^ a tfTsTOfaT'rr I p' rT^TT pa srresif % 3rqs>q; spr ’btstT^ fpip?r: (a lt a]),..., 

/ * * \ • ft! , f, ‘ 

( a pr> *p> ) OTT (a 21 : a 21 , a 21 ), ..., (a 2 p 2 ; a 2 p 2 , a 2j&2 ), 5"Rq»*r *TRfw W 

t»5°n , Pa 7 -./J/ > a k j>P k j, 0‘= 1 , ...,r;k= 2, ..., r) EPTTCPHP | 5 r«n dj , bj (7=1, 

(7=1, ..., r), Okj, b kj (k= 2, r) wfw «T ?T^TR |; m«\ u«\p«\ g«(7=l, .... r), n k , p k , q k 



■o 


(k=2, ..., r) ER | fspT^T 0<m ( i><gtf>, 0<«< z '> <p«>, ^0, gfc 

fTcft | I ' _ ' 

^ff?r s t — ^ if L x Jrf^^-^rffsr sr>r f srk ar^r ^ff s%r -woo ft 

+woo f^faf t^t | f% T( z>^_ jjV’j,-), (y=i, ..., m 1 ' 1 ) % grt <rm £,% 

5T? 3TtR srtTAi-a^+.oyJi); 0=1, ... , « (/) ,) 

2 (;•) r (/> 

■1^(1 ^sjH" 27 a .5;), (7=1, ..., JJj), •.., ^(l ^rj"h 27 a , S/), 0=1, ••*, ^r) 

•j=l 2 7 i=l 

% ^51 ^ sfft qrf 1 

^ 3rf$TORt ffaT I Jjfe 

I arg Xi\<\j2Ui ir, Ui> 0, 1, ..., r; (1.4) 


5T?f 


n<*> 

(/) 

' 7’ (1> <i> 

nfiy 

(!) 

qM 


C/i= r 

a f 

~ 27 a.- + 

z 

fij - 

- 27 

0,- 

• 7=1 

J 

7=« (,) +l J 

7=1 

s7 

J -=m<i) + l ' 

«2 

(i) 

T’s «) 

...+( 

«r 

(i) 

Pt 

+ ( 27 

a 2j 

- 27 02 - ) + 

1 7 

a rj ~~ 

27 

7=1 


7=«2 + l 


7 = 1 

J= 

=M r + 1 


9 2 (f) f7r (<) 

— ( 27 /? 2 i +■••+ ^ firj )- 

7=1 7 = 1 

sTR^mra srgsFRT *PRt qr | % 

I[x u ..., x r ]=0 (|x 1 |«i...|x r | a V) > max {taj, ..., |x r |->0, 


cm 

31§T 


,b: 


(I) 


<*«=min i?e(4r)> (7=1, •••, i=l, ..J, r) 

V 7 

/[x l5 ..., x r ]=0 (\x 1 \Pi...\x r \l } r) min (IxJ, ..., |x r |} 


— >00 


(1.5) 


( 1 . 6 ) 


<i) 

ft=--max (7=1, ..., n U) ; i'=l, ..., r; n 2 =« 3 =...=« r =0), (1.7) 
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faf ?r«rr srere 


2 . 

& ^ SRT Tf^TTf^T /-<RPT % M sft ^fnrrff ^ 

^t I $t f 

sm wt 


Z x2 “ rl i — w t ]°> n i ■ — :o,n r : (m', n '); ...; 
uo t ! p 2 , q t :...:p r , q T :[p', q']-, ...; 


(m (r >,/i< r >) 

[p M ,q lr) ] 


iir / 

(%•; «2 j 3 “2/) i ji?2 : - ': Ov-d/; a (r _ 1}j . , ... 

t // , 

( & 2j-; %;^ 2 j ) i ?2 : ■•• •• (Pw~Dj i Pir~uj , ■■■ 

<r-X) \ c f ' (r) ' (r) 

“(r-l) ) 1 } p r _ x • ( a Ti~t a r \, .... a rl ), (a r j) a r j, ..., a rj - ) 2 p 

(r— l) * ir) / 1 

K -"P 1 ,q„ ■ ( b ’f- A/. A,) 1>?r : ( 1,,' : 


\ s (f > W 

( J ,a J ) l,p' ; ) l )jP (r) 


.(r) (r> 


<*i > l,q (r) 


r 

Z 1 x~^‘ a fl ) ..., Z r x 


? <f) 
~ la rl 


=(x*— wx )a T i-ij 0 > n i :••••• o,n r : 

^2^2 : ... p r ,q T : [/>',?']: ...; 

(%•; «*/.«!/) ljta : - : (a# a rj> .... o r y ) J ^ : 

( ^ % > l, ?i : - : Pry pVj ) 1 ^ : 

f ' ' \ , <»•) (r) 

( } !,/>' ’ -•■ (a j ’ a j ) l ;jD (r) 

. %. Pj ) 1>q , p? ) j ^ (r) 


Zj(x 2 — >vx) “»•/, ... 


(r) 


Z r (x 2 —wx) a *l 


( 2 . 1 ) 



(r) 
a r ' 2 ) , 


ft? 1 vv / a' | < 1 j larg Zj|<l/2C/J ^>0,^=1, .... r; ^ 0/ ^ 0- 5 ) 

fcrT 3 TT?TT I em (a rj : arj, •••» <*'/ ) 2 ,p r t ^ 2r ’ %2 ’ 


ftctfa 


s (A:)# .0,71 : ... : o,n r : (m 1 + !>«' + 1 ); (m”,n"); ...; 

£-tf 7 a,j, : [p'+ 2 ,«'+ 2 ]: [J>",rt ■■■■■ 


(m tr> ,M (r) ) («ij; «y » «*/) i s p 2 : ••• : Kp a 'J “o' ' 1 >p r 

rtf ' v 

[ J p tr> s9 (r> ] |j * 2 /'» Pij-bj) i ,q 2 : ■■■'• %’ •■■> P'j } l,q 2 ‘ 

ft 1 1 ? I 

( a~k—t,w ), ( fly, a.j ) jy (a+f,w); (aj> a rj) \ >p " » 

, , _ •• " 

(b+k+t,w), ( fyp,-) ljg . , <&-*.*); ( 6 j> ) 1,«" ; 

(r) (r) 

•••; ( <*j > a j ) lp<r) 

( r ) It) 

• ’ ( b j >PJ > l,q^ 

r(l/2fc+l) r(a-b-3l2k) j 0 ,n t : ... : o,*r : (“'t, 1 ?' ’t?4i- 
“ r(fc+l) r(a—b—k) p 2 ,q t • — -Pt>4t ’■ \P + 2 >? + 2 J' 

7 // 

( a 2 j ; °y* a 2 j) i,p 4 : 


Xi, X r 



..; (mM^) ] 

1 

(%p 

[/',?"]; • 

[p {r W r) ) * ] 

(^2p 


r 

(f) 


... : ( a r j; 

a rj , ■■ 

rs 

l*Pr ‘ 


/ 

(r) ^ 


... : (V 

Prj> ** 

* ? Prj ) 

l,?r ' 


(r) <r> 


// // '7 - 

(a-ifc.w); ( flj-.aj ) jy-; •••; ( a j - a j -> l,p< r > 

C6+l*;w); {bj,pj ) lj? » ;•••;( b j >Pj ) 1 , g w 


X XJ **«} Xjr 



44 


?r«n srtfK 

Vtf! fr Re (2a-2b-3k)>0, |arg xj\<\Uj rr, Uj>0,j=l, .... r, Uj *PT 
(1.5) sttt f%JTt srrar w>0 cr«n k tnp 1 1 


^'rrffr 


(2.1) fft 4^% |4 f pTtf /-<Pf ?T fft 4^T W? if ftra% 

| I SPTPPSTf fP-TT ?f^^r % 5FT fit ff^it I, 1F 0 (a; —; x)=(l—x)- a 4>T srsfT’l 4n& 
t cr®rr 3T?cr if ( 1 . l ) sm ft ^ rft % wnf if fft^PT ^ 

ft%*RT I I 

c ffr°rPT (2.2) sp> fas ^ % ftft (2.1) # ^'rrftr ft ftfar qnr q>rt | artr 
ft^fafer ^ [9] spt gqzftn mx% | 


fan 


fa, b, c; ") 

3^2 I :. 1 | 

(_ a — b- f-1, a — c-|~l J 

_ r(&± i) /y-A+i) r(a-c+i) rfa -b-c+i) 
r(a+l) r($a-b+ 1) r(%a-c+ 1) r(a-b-c+\j M ( 


—2b—2c)>—2, 


f a, \a+\, b, c, d - 'j 

& I ; 1 ( 

(_Ja, a— Z>+1, a— c+l, a— d+1 J 


r(a—b+l) r(a— c+1) r(a-d+l) r(a-b-c-d+\) , 
T(a+1) r(a-b-c+ 1) r[a-c-d+ 1) r(a~d~b+i ) 


ftfw 


Re (a—b—c—$)> — 1. 


(1) (2.1) W«rT(2.2) if r=2,p s =p i -=...=,p r =q 3 =q i =...=:g r =:0=n 2 =...=n r , 
TX fif =fftftpTT STCT STffT 'TfTWTiT [3] 5rT c 5f fT?rT | U 

(2) 4fV^f%nrT fwr if C3] 


in t n , 

a 2 /=<» 2 j C/==2, ..., pi), P 2j =py (y=l, ..., q r ), a 21 •-> 0, 

<TT ?rqT «ftf % TC ff fRT % 'TftjrR iff 6 ] SPTRtf ft «TTf T | I 

3. ’Kftarc «^n sfaft 

*PTftW (l.l) 5TCT TftsnftcT gg^Ktq- % ftft ft fiftsrT Srftrpff ftt 

Ffmr fft 1 1 % | 
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srpr<te H-'pjR' % ftrq 




( Si „ ,)«- (cos *)<» 

[p'r\q<r> ] ( ** ( sin xe '*) Al ’ -» X T ( sin Xe ^ hr ) 

_ v i_ e a u*7 7 1 /'4JV) J 0 ’”* : ■" : 0,n (^" 1 ." , , , . 

Smo 7i T z Pi&i ■ •** : Plr-tfrQtr-l) • * 

(w',w'); ...; (m (/) ,« (r) ) f (a t y, a^,a 2j ) lp : ... : 

[/,<?']; •••; [i> ( '?,‘? <r) ] {_ (&*/; fyfkj) lj?2 = - : 

/ (/—l) 

( a (r-l)j> a (r-l)j > •••> °(r-T)j ) l > p (r _ 1> * O - —» ^i')> 


0(r- 

f 

~l)j> P(r-l)j 9 *• 

•’ ^ l,g r _ x : ( b d‘Prj> - 

»X?). 


/ (r) 

/ / 

, w 

1 lr) 

( a rj 

; a r j, a r j 


( a J 

’ a j ’ I,p (r) 



f / 

, (r) 

(f) 

(1- 

4i/—4iV'; h 1} . 

•j ^r) * ( ) 1 3 ^' 

6 J * 

P) > \,q™ 


X x e lhl , ..., X,e lh [ ^ 2 j sin (4nH-4JV r )^, 

^Frer fsp Q<x<ir/ 2 , h lt h h h r > 0, |arg Xj\<\(lUj it, Uj> 0 ,j=h ■ ■■, r, ^ 


fgrfta 


(sin xy*- 1 (cos xr-' ^-r; 


o,n r : (m',n'); ...; 
■Pr^T-\P'^'l - 


{j$jw ( Xl (tan X)K "" * r (tan ^ ) 

I 

4e 2 ' r % 1 t 0,« 2 : ... : o, n r -{, o,n r + 1 : 

tf_T(4«+4iV) ^2 : - • jP(r-l)?(r-l) :j>r+Mr+l : 


(3.1) 
[T Uj OTT 
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f€f ?P4T TOTT? 


( m',n '); (m lr) ,n (f) 

[p',q']\ •••; [P lr \q {r) ] 


( a V> a 2j> a ij) l t p 2 ‘- ■■■ '• 

r n 

(b v -; PiyPij) i )(?2 : ••• : 


(a {r -i)f, a (r-l)j > •••» a {r—l)j ) \,p r „ x ■ ^ 4u, h u ...,[h r ). 


/ 

(b(r-i)j) ft(r- 

(r-1) 

-1 )j 9 ••• j Ar-l)j 

) l^r-l 

/ 

■ ( bfjPtrj > 

<r> X 

•••» firj ) 

Mr 

r 

(r) 

/ / 


/ <r) (n ^ 


( a rj> a rj > • 


a r a J ) 

1,/ : 

(«J , «/ ) 



/ / 


<r) (r) . 


(41V; ft x , .. 

. r h r ):(bj,pj) 



} l,<7 (r) 



xj h 1 ^ 2 , ..., X r e lhr ^ 2 j sin (4 m + 4 AO x 


(3.2) 


TOrf fo 0<x<w/2, h x , ..., h r >Q, |arg xj\<\\2Uj n, Uj> 0 y'=l r ^ Uj 4rt 

TOffaTOT (1.5) £KT f?iTT SfTcfT | I 




( 3 . 1 ) fas 4n?r % fair ft? 

/(x)=(sin xy“- 1 (cos x) 4 * 1 - 1 7[x x (sin xe ix )h\ .... x r (sin xe ix )^] 


= ZC R sin (4w+4A r ) x, (3.3) 

K-0 


^ 0<X<ir/2. 

■ Tf) TOTTOTO #ST I TOffa ^5 felcT 3T ? TOTPT (0, w/2) ^ | 3Tft 

wtht | 1 4cr Jf ?t^ff tot Jr e iliu+i0)x % 5°tt > x ^ ^hi+RtcT 

tott Rrc^ffer TraM 501 ?! sto>t to 

fT)2 f0 m^n 

1 e i mix sin (4nx)dx= •( m—n — 0 (3-4) 

Jo L w '/4 irfe m=n^0 



snpRto H-q^T % f^rcr qr%qq- «Toft p- 
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C„=-i- e 2uT i m.ATl T°’ n ‘i • ••• • °> n r-l '• °> n r J r 1 • 

N Tti ’ p 2 ,q 2 : ... :p r - 1 ,q r - 1 :p r +\,q r -l : 


(i m',ri); (m (r) ,n (,) ) 
\p',q'l ...; W> 


( a y' ; a 2j’ a 2j) i )Pi '■ : 

l (%;%>%) i, ft : : 

' (r-i) 

O 3 *?— i)j> ®(r-i> j > ? «(r-i)j) * 0 - — ^ tr > ^ » ^r)j 


(r-l) 


Jr) 


(A<r-l).ft P(r-l)j > •••> P(r-llj ) 1 ^^ : fr/> •••> Prj ) 

(fly-, a rj -, ... , a r y ) j ^ . ( a-, ay ) jy , .... (fly , ay J jyr) 

' ' (r) (r) 

(1_4«— 4JVj Ai, ..., h r ) : ( Ay.fy ) 1? , ; ...; (Ay ) 1>g(r) 


x,e 


ih i W 2 ^ e 'A r w/ 2 ^ 


(3.5) 


STRT ^cTT I I (3.3) if SmtePOT (3.5) % C s 4TT *TR TT fif (3.1) fTTT €t #oft 
stt^t ftcft 1 1 

(3-2) ^<T7% (3.1) qft ^TT% #?ft | I 

33 TT 


(3-1) cr*TC (3-2) if p a =p i =...=p r =0=q 8 =q i —...=q r =n 9 =...=n r ^ r=2 

7T fft irfrsnT % qf^pr srRr ftft f i M 
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